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Summary 

A semi-analytical expression for the concentration distribution of the sub- 
strate molecules in fast enzyme-catalysed reaction systems is presented. On this 
basis, the physical pictures of the reactions are discussed. 

Although enzyme molecules can be regarded as spherical, the active site of 
an enzyme molecule usually occupies only a small part of its surface, or the 
entire active site is buried in a concave region, the so-called molecular crevice. 
Therefore, as we go more deeply into the fast enzyme-substrate reactions, we 
have to deal with non-spherically symmetric problems. In our previous work 
[1--2], taking the spatial factor, force field factor and activation energy factor 
into consideration, non-spherically symmetric equations have been set up. Un- 
fortunately,  it is not  feasible to obtain an analytical solution from these equa- 
tions, even in the case without  force field (i.e., U = 0). The only approach is to 
find numerical solutions [3], from which, although some new results have been 
obtained, numerical solutions cannot provide us with a clear and concise pic- 
ture of the concentration distribution of the reacting molecules. Thus, the fol- 
lowing questions are naturally raised: (1) Can we find a semi-analytical expres- 
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t ar /r=no -- D V22~m* e-eoIkTc* 
(0 < 0 < 0a) (2) 

Z 

(If we take Chou's boundary condition [ 2]) 

= o o 
ar It=no 

C*lr--,~ = Co (0 < 0 < ~) (4) 

where U is the interaction potential between substrate (S) and enzyme (E) 
molecules, k the Boltzmann constant, T the absolute temperature,  D the diffu- 
sion coefficient, R0 = RE + Rs is the sum of  the radii of  an E molecule and an S 
molecule, ea the activation energy, m* = mEms/(mE + ms) is the reduced mass 
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sion for the concentrat ion distribution in the fast enzyme-substrate reaction 
system? (2) Which kind of kinetic characters can be obtained from it? The 
present study was initiated in an a t tempt  to discuss these problems. 

First of all, we shall consider the following equation [1] 

r 2 ar r2 ~rr e* + - - r  2 sin 0 s i n 0 a - ~ e  --k-T ~r-r e* ~ r  ; 0  (1) 

with the boundary conditions (Fig. 1): 

C* I t=R0  = 0 

(If we take Smoluchowski's boundary condition [ 1 ] ) 

- - y  

Fig. 1. S a is t h e  s u r f a c e  o f  t h e  a c t i v e  s i t e .  a n d  'S b is t h e  s u r f a c e  o f  t h e  remaining part of a n  e n z y m e  mole- 
cule. SRo = S a + S b .  
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of  the  E and S molecules ,  0 ,  the  maximal  der ivat ion angle o f  the  active site, Co 
the  bulk  concen t ra t ion ,  and c* has the  fol lowing re la t ion to  c, the  concent ra-  
t ion  o f  S molecules:  

C = e - U / k T  c *  ( 5 )  

There fore ,  as soon  as c* is solved, the  concen t r a t i on  d is t r ibut ion  of  S molecules  
is obta ined,  and so is the  rate  cons tan t  

k =D f f  e_U/kTOC*ds (6) 
Co Sr ~r 

where Sr is any spherical surface with the radius r I> R0. 
Now, let us define r* as the maximal action radius between one E and one S 

molecule, i.e., 

Ul~r* = 0 (7) 

Thus,  fo r  those reac t ion  systems in which U = 0 we should have r* = R0. I f  
there  is only  the  van der  Waals short-range force,  namely  U = Uv, t hen  r* is just  
a few A greater  than  R0. In the  space o f  r ~> r*, Eqn.  1 will r educe  to  

r 2 Or r2 + - -  inO = 0  (8) Or /  r 2 s i n O  O0 aO / 

the  solut ion o f  which can be expressed as [ 1 ] 

r*)l+1 
c* = Co + ~ ~z r Pdcos  O) , (r/> r*) (9) 

1=0 

where  Pl(cos0)  is the  Legendre  p o lynomina l .  Actual ly ,  a z will rapid ly  decrease 
with the  increase o f  l, there fore ,  we have the fol lowing app rox ima te  expression:  

L 

c* ~ Co + ~ al Pl(cos O) , (r~> r*) (10) 
1=0 

where  the terms o f  L > 5 can usually be neglected.  Consequent ly ,  it  is very  
easy th rough  the numerica l  so lut ion to  find the coeff ic ients  az tha t  give the  
same results in Eqn.  10 the  space o f  r ~> r* as those  ob ta ined  th rough  numeri-  
cally solving Eqns. 1--4 direct ly .  

Now,  let  us take  the  fast  E-S reac t ion  system in Ref.  1 as an example ,  where 
R0 = 20 A, 0a = 20 °, D = 7 • 1 0  -6  cm2/s, ea = 0, m* = 62 dal tons,  T = 298 K, 
and U = Uv the  fo rm of  which is given in Ref. 3. F o r  a reac t ion  system like this, 
r* is equal  to  23 •. I f  we take L = 4, the  semi analyt ical  solut ions thus  ob ta ined  
have already arrived at  the  same precision as the  numer ica l  solut ions given in 
Ref. 3. The  results calculated when  the  van der  Waals b inding energy be tween  
the  E and S molecules  is - -10 k T  are as follows: 



C~,-~ C o 

- -  0 . 1 9 6  • 10 -2 P3(cos O) + 0 . 4 3 9  • 10  -3 

(r ~> r* = 2 3 / ~ )  

k = 1 .133  • 101°/M -l • s -1 
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o • c o s  P 2 ( c o s  0 )  

P4(cos 0 )), 

(11) 

The concentra t ion  distr ibut ion calculated for the  region o f  R0 < r < r* is 
s h o w n  in Fig. 2. 

From Eqn. 11 we can see that  the  rate cons tant  k attains the  magni tude  as 
high as 101°/M -~ • s -1, however  the  concentra t ion  distr ibution in the  space of  
r 1> r* = 23 ~, is quite  close to  spherical symmetry .  Only  wi th in  the  spherical 
shell of  R0 ~< r < r*, the  thickness  o f  which  is merely  3 Jk, does  the  concentra-  
t ion  distr ibution deviate s ignif icantly from spherical symmetry  and possess a 
very high concentra t ion  gradient as indicated in Fig. 2. These results provide us 
with a clear picture: inside the  spherical shell  o f R o  ~< r < r* there is avery  strong 
f l ow  of  S molecules  around the  prote in  surface o f  an E molecu le  to  its active 
site, whereas outs ide  the  region the  f low of  S molecules  is moderate  and quasi- 
spherically symmetric .  

However,  the  s i tuat ion is quite  dif ferent  if the  van der Waals b inding energy 
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Fig.  2. T h e  c o n t o u x  m a p  o f  the  c o n c e n t r a t i o n s  o f  t h e  subs tra te  m o l e c u l e s  in t h e  r e g i o n  o f  R 0 ~ r < r* for  
t h e  r e a c t i o n  s y s t e m  c o n c e r n e d  ( see  t e x t ) .  T h e  u n i t  o f  t h e  n u m b e r s  i n d i c a t e d  at  t h e  c o n t o u r  l ines  is c 0 ,  the  
b u l k  c o n c e n t r a t i o n .  T h e  d o t t e d  l ines  axe t h e  c o r r e s p o n d i n g  c o n t o u r  l ines  o u t s i d e  t h e  reg ion ,  w h i c h  axe 
g iven b y  E q n .  11 .  
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is equal to zero; in that  case, we have 

c ~ Co 1 - -  0 . 1 4 1  - -  0 . 1 7 5  cos  0 - -  0 . 1 5 5  P2(cos  O) 

/r . \4  ( ~ ) s  } 
- - 0 . 1 2 2 [ r  ) P3 (cos0 ) - -0 .903"  10-' P,(cos 0) 

k = 1.730 • 109/M - '  • s -1 

(12)  

which indicates that the concentration distribution is far from spherical sym- 
metry in quite an extensive region. 
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