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Summary

A semi-analytical expression for the concentration distribution of the sub-
strate molecules in fast enzyme-catalysed reaction systems is presented. On this
basis, the physical pictures of the reactions are discussed.

Although enzyme molecules can be regarded as spherical, the active site of
an enzyme molecule usually occupies only a small part of its surface, or the
entire active site is buried in a concave region, the so-called molecular crevice.
Therefore, as we go more deeply into the fast enzyme-substrate reactions, we
have to deal with non-spherically symmetric problems. In our previous work
[1—2], taking the spatial factor, force field factor and activation energy factor
into consideration, non-spherically symmetric equations have been set up. Un-
fortunately, it is not feasible to obtain an analytical solution from these equa-
tions, even in the case without force field (i.e., U = 0). The only approach is to
find numerical solutions [3], from which, although some new results have been
obtained, numerical solutions cannot provide us with a clear and concise pic-
ture of the concentration distribution of the reacting molecules. Thus, the fol-
lowing questions are naturally raised: (1) Can we find a semi-analytical expres-
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sion for the concentration distribution in the fast enzyme-substrate reaction
system? (2) Which kind of kinetic characters can be obtained from it? The
present study was initiated in an attempt to discuss these problems.

First of all, we shall consider the following equation [1]

la_(za *) 1 _a_(_ _a_,)__l_(i *)(B_Q)=
2 ar\ ar ¢ +r’sin@ 90 smeaoc kT arc ar 0 (1)

with the boundary conditions (¥ig. 1):

c*l,.=R0 =0

(If we take Smoluchowski’s boundary condition [1])

* <
(_a_q_ ) LT conr, (0<0<0.) (2)
or Jiegr, D ¥ 2rm*

(If we take Chou’s boundary condition [2])

ac*
( . )r=Ro =0 (f.<06<m) (3)
C* oo = Co 0<6<m @)

where U is the interaction potential between substrate (S) and enzyme (E)
molecules, k the Boltzmann constant, T the absolute temperature, D the diffu-
sion coefficient, R, = Rg + Rg is the sum of the radii of an E molecule and an S
molecule, ¢, the activation energy, m* = mgmg/(mg + mg) is the reduced mass

X

Fig. 1. 8, is the surface of the active site, and 8y, is the surface of the remaining part of an enzyme mole-
cule. SRy = Sa * Sp-



306

of the E and S molecules, ¢, the maximal derivation angle of the active site, ¢,
the bulk concentration, and ¢* has the following relation to ¢, the concentra-
tion of S molecules:

¢ =e UIKT p* (5)

Therefore, as soon as c* is solved, the concentration distribution of S molecules
is obtained, and so is the rate constant

-2 [ et ®

where S, is any spherical surface with the radius r > R,.
Now, let us define r* as the maximal action radius between one E and one S
molecule, i.e.,

Ulr?r* =0 (7)

Thus, for those reaction systems in which U= 0 we should have r* = R,. If
there is only the van der Waals short-range force, namely U = U,, then r* is just
a few A greater than R,. In the space of r > r*, Eqn. 1 will reduce to

13 (2 ac*) 1 0 ac* )
r? ar ar) © r? sin 6 20 (sm@ 00 0 (8)

the solution of which can be expressed as [1]

¢t =¢y + Z; al( - )Hl Py(cos §), r=r 9)

where P;(cos) is the Legendre polynominal. Actually, «; will rapidly decrease
with the increase of /, therefore, we have the following approximate expression:

1+1
= co t E a,( ) P,(cos ), r=r") (10)

where the terms of L > 5 can usually be neglected. Consequently, it is very
easy through the numerical solution to find the coefficients «; that give the
same results in Eqn. 10 the space of r > r* as those obtained through numeri-
cally solving Eqns. 1—4 directly.

Now, let us take the fast E-S reaction system in Ref. 1 as an example, where

=204, 0,=20°, D=T7-10"% cm?/s, €, =0, m* = 62 daltons, T = 298 K,
and U = U, the form of which is given in Ref. 3. For a reaction system like this,
r* is equal to 23 A. If we take L = 4, the semi analytical solutions thus obtained
have already arrived at the same precision as the numerical solutions given in
Ref. 3. The results calculated when the van der Waals binding energy between
the E and S molecules is —10 kT are as follows:
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* *

2 *\3
c~ e, {1 — 0.930(%)— 0.454 - 102 (%) cos 6 --0.216 - 1072 (%) P,(cos 0)

r* r*

q 5
—0.196 - 1072 (7) Ps(cos 0) + 0.439 - 107 (7) Pa(cos 9)},

(r=r"=234)

k=1.133-10"/M" -5
(11)

The concentration distribution calculated for the region of Ro<r<r* is
shown in Fig. 2.

From Eqn. 11 we can see that the rate constant k attains the magnitude as
high as 10!9/M™! :s7!, however the concentration distribution in the space of
r=r* =23 & is quite close to spherical symmetry. Only within the spherical
shell of Ry < r < r*, the thickness of which is merely 3 A, does the concentra-
tion distribution deviate significantly from spherical symmetry and possess a
very high concentration gradient as indicated in Fig. 2. These results provide us
with a clear picture: inside the spherical shell of R4 < r < r* there is a very strong
flow of S molecules around the protein surface of an E molecule to its active
site, whereas outside the region the flow of S molecules is moderate and quasi-
spherically symmetric.

However, the situation is quite different if the van der Waals binding energy

r(A)

Fig. 2. The contour map of the concentrations of the substrate molecules in the region of Rg < r < r* for
the reaction system concerned (see text). The unit of the numbers indicated at the contour lines is ¢g, the
bulk concentration. The dotted lines are the corresponding contour lines outside the region, which are
given by Eqn. 11.
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is equal to zero; in that case, we have

r* r* 2 r* 3
c~cy{1—0.141 ~)- 0.175 7 ) cos 8 —0.155 = Py(cos 9)
r*\? _(r
—0.122 " P5(cos ) —0.903 - 107!

r

*

5
) P4(cos 0)} (12)

k=1730-10°/M! -1

which indicates that the concentration distribution is far from spherical sym-
metry in quite an extensive region.
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